A plasma-sheath transition analysis requires a reliable mathematical expression for the plasma potential profile UðxÞ near the sheath edge x s in the limit e k D =' ¼ 0 (where k D is the Debye length and ' is a proper characteristic length of the discharge). (2009)]. We perform this task by using both the analytic and the numerical method with explicit Maxwellian and "water-bag" ion source velocity distributions. We find the potential profile near the plasma-sheath edge in the whole range of ion source temperatures of general interest to plasma physics, from zero to "practical infinity." While within limits of "very low" and "relatively high" ion source temperatures, the potential is proportional to the space coordinate powered by rational numbers a ¼ 1=2 and a ¼ 2=3, with medium ion source temperatures. We found a between these values being a non-rational number strongly dependent on the ion source temperature. The range of the non-rational power-law turns out to be a very narrow one, at the expense of the extension of a ¼ 2=3 region towards unexpectedly low ion source temperatures.
I. INTRODUCTION
First, we ought to admit that during our investigations related to the present subject, we were not able to find satisfactory definitions regarding some basic terminological conventions in the field of plasma, sheath, and intermediate region problems. The most explicit answer to the question what, in the context of kinetic plasma and sheath problem for finite and vanishing e (e ¼ k D =', where k D ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi 0 kT e =ne 2 p is the familiar Debye length and ' is a proper characteristic length of discharge), the terms of "cold" and "warm" ion sources mean, was given by Riemann only recently. 7 He states that a "cold" source produces "new" ions by ionization or charge exchange "with negligible velocity." In a warm source, in contrast, the energy spread of "new" ions exceeds the "width of the intermediate region." However, this definition does not seem to be very clear because in the case of vanishing e, the concept of "width of the intermediate region" is not applicable. So here, we adopt another "working" definition stating that a warm ion source is presented by a neutral velocity distribution function (VDF), the thermal energy spread of which is comparable to or higher than (1) its directional energy, (2) the thermal electron energy, and (3) the plasma potential energy drop U s at the point of plasma solution singularity obtained in the limit of vanishing e. The quantitative implications of this will become clear during the process of making necessary approximations and after examining numerical results at the end of this paper.
Solution to the plasma-sheath transition problem is a single but very important step towards finding an analytic approximate expression for the potential profile uniformly valid in the entire region of a physically bounded discharge. Achieving this goal requires an exhaustive analysis consisting of many consecutive steps, e.g., rescaling the potential profile appropriately in the so-called "intermediate scale," in whose a) representation the potential profiles are nearly independent on discharge parameter e. Riemann has recently 4 summarized the "state of the art" of plasma-sheath analysis showing that there are three models that should be distinguished, namely (1) fluid model, (2) kinetic model with ions generated with zero initial velocity (so-called "cold" or "singular" ion source), and (3) kinetic model with ions generated with a finite initial velocity (the so-called "warm" or "regular" ion source). While proper analysis was performed within fluid approximation and the kinetic model with "cold" ion sources, Riemann states that "the structure of the plasma-sheath transition for models with hot ion source was never analyzed!" 4 During the last and present centuries, the plasma and sheath problem was treated via various alternative methods under various assumptions and applied approximations. On one side, the usually adopted analytic approach follows the Tonks and Langmuir T&L (Refs. 1, 8, and 9) intuitive idea (interpreted later in a mathematically correct way by Caruso and Cavaliere 10 ) to split the problem into the so-called plasma equation and sheath equation and to solve them separately under various approximations.
Analytic matching between these solutions and exact numerical solution was found only recently by Riemann for the fluid model 11 as well as for both singular kinetic collisiondominated 12 and collision-free 13 models. Computer simulations of singular kinetic models were also performed. 14, 15 Finally, the first experimental results on the plasma potential profile near the sheath edge appeared recently 16 showing that in a laboratory plasma with an approximately cold, i.e., singular ion source, the potential is indeed proportional to the square root of the distance from the sheath edge (U À U s / ðx À x s Þ 1=2 ), as follows from Franklin and Ockendon's 17 old considerations, elaborated further in detail by Riemann.
11,18 However, we are here interested in a symmetric plane-parallel kinetic T&L model with regular, arbitrary "warm" ion source velocity distribution, where another power law and consequent scaling laws have been predicted 1 but never confirmed 19 for particular explicit ion sources. The geometry of the problem together with a schematic potential profile in the case of a negligible e, together with an example of finite e, is illustrated in Fig. 1 . Due to the symmetry of the problem, only half of the discharge should be considered as illustrated in Fig. 2 . It is necessary here to point out that the central quantity of interest in the present work is the potential profile in the so-called e ¼ 0 limiting case. The final mathematical problem to be solved in the context of constructing the intermediate region appears as a kind of mathematical "perturbation" of e ¼ 0 case, via small but finite e. Such an explicit solution is illustrated in Fig. 2 . This particular comparison of exact potential profiles with finite e's was obtained here for the Maxwellian distributed ion source with temperature T n =T e ¼ 10 via a highly reliable numerical computational method developed by Kos et al. 6, 20 for dealing with the complete T&L collisionless discharge model as well as with its special case of quasineutral plasma known as Bissell and Johnson (B&J) model. 2, 3 This method has proved as superior to others known by us in obtaining results with an extremely high resolution and at the same time being applicable to a wide (practically unlimited) range of ion source temperatures.
A logical question here arises why any approximate solution with final e case should be required, if the exact solution can be obtained via a numerical calculation 20, 21 or, e.g., via particle in cell (PIC) simulations. 22 However, it should be recognized that the problem in principle does not concern either a particular discharge with particular e or a particular ion source temperature, but it should be defined and solved as a universal one resulting in some universal rules. In this context, the exact solution is just an auxiliary one for a comparison of how good a possible analytic approximation is, as done, e.g., in Fig. 11 in Riemann's work with the kinetic model with the cold ion source. 13 Furthermore, an analytic formulation of the reference point joining (or separating) plasma and sheath might be very important in plasma applications. For example, the validity of fusion-relevant codes dealing with the Scrape of Layer, like SOLPS (Ref. 23 ) and EDGE2D, is limited to the region bounded by a plasma-sheath surface at which fluid approach breaks. In the case of vanishing e, the sheath thickness is negligible and its position coincides with the wall position with a well-defined boundary condition defined with famous Bohm criterion, 24 i.e., via its generalization. 25 In plasmas with finite e, the plasma sheath common boundary spreads into a region of a finite width whose placement can be estimated as a transition region around a reference point where electric field takes the value E s ¼ DU=DL, where DU and DL should be rather safely estimated for both theoretical analysis (see, e.g., Riemann's paper 13 and references therein) and engineering purposes, 26 however for the cold ion sources. Following the exhaustive mathematical procedure by Riemann in 1991 (Ref. 1), the scaling variables DU and DL yield the reference electric fields E s $ e À2=5 , E s $ e À4=9 , and E s $ e À2=7 (where E s is assumed to be normalized to kT e =eL) for fluid, cold kinetic, and warm kinetic models, respectively. A necessary prerequisite in establishment of such scaling laws is to know the exact potential profile in the so-called "e ¼ 0 model." It has been shown by Riemann 1 that the potential profile UðxÞ in front of the sheath edge in plasmas with finite e in the kinetic model with cold ion source follows the law (U s À UÞ ¼ Cðx s À xÞ a , where subscript "s" denotes the location of the sheath edge and any corresponding quantity at that place. It will be shown in this paper that coefficient C is in fact a function of the ion source, so the last expression should be replaced with ðU s À UÞ ¼ C T n ðx s À xÞ a , where C T n will be found together with a. In contrast to singular, i.e., cold ion source (T n ¼ 0) where a ¼ 1=2, for high enough but still unknown T n , value a ¼ 2=3 is expected (e.g., Riemann 1 ) independently of the detailed shape of the ion-source velocity distribution, i.e., on particular value of T n . Unfortunately, value a ¼ 2=3 for the warm ion-source has never been proved by, e.g., any numerical method or experimental means.
The question triggered recently by Riemann 5 is whether one can obtain accurate results to identify the form of the sheath edge singularity, i.e., to find safely the power a in the formula (U s À UÞ ¼ Cðx s À xÞ a describing the limiting potential variation in front of the sheath edge ðx s ; U s Þ. In order to answer this question in the present work, we employ two particular velocity distributions, namely the Maxwellian one with two different ionization mechanisms and the "water bag" shaped. The employment of the latter distribution which in adiabatic approximation fully corresponds to the fluid model (Davidson 27 ) is aimed at proving that the results really are independent of the velocity distribution shape. It turns out that, e.g., a requirement kT n ! ejU s j > 0 could be an overrestriction necessary to make analytic approximations while numerical solution shows that for T n greater than a value of the order of one tenth of T e . Within the narrow transition between T n ¼ 0 characterized by a ¼ 1=2 and T n > 0:05T e Ä 0:1T e characterized by a ¼ 2=3, the plasma potential near the singularity point is characterized by a nonrational number 2=3 > a > 1=2. In many plasmas of interest, the temperature T n might fall exactly within this region and this might be a source of problem, e.g., in applying any universal rule to a plasma whose neutral temperature is even one order of magnitude or greater than the room temperature.
Section II presents theoretical investigations on the potential profile near the point of singularity for the cases of Maxwellian and water-bag distributions. Section III describes the numerical method. Section IV presents main results of numerical solutions. Section V brings a summary with conclusion.
II. THEORETICAL CONSIDERATIONS
We deal with a plane-parallel discharge of the T&L type 8 as sketched in Fig. 1 29 These properties were found for a general ion velocity distribution while we concentrate here on Maxwellian and "water-bag" distributions as good candidates to take the role in a variety of discharges. For the ion density in such a discharge, one obtains the general expression (see the details in, e.g., Ref. 20)
Hðv 02 Þ;
where
where subscripts "n," "i," and "e" denote neutrals, ions, and electrons, respectively,
HðzÞ is the Heaviside step-function, and b ¼ 0; 1; 2:::, denotes uniform, proportional to electron density and proportional to square of electron density ionization profiles, respectively. The symmetric auxiliary distribution function F n ðvÞ of neutrals is connected with their velocity distribution function f n ðvÞ with the relation
F n ðÀzÞ ¼ F n ðzÞ:
Further, we use the following non-dimensional variables:
eUðxÞ kT e ! UðxÞ;
For the Maxwellian ion source, the auxiliary function (3) is
and the ion density equals
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Here
P n i¼1 1=i À ln n is the Euler constant. For the ion-source of the symmetric "water-bag" type, the auxiliary function is
For the ion density from Eqs. (1) and (9), we find
For small and large arguments, we assume
The definition of the potential shape in the region close to the sheath edge, we start from the pre-sheath (plasma) equation,
with above-defined ion density distributions and Boltzmann distributed electrons n e ¼ exp½UðxÞ.
Our task is to define the character of the singularity at the sheath edge and find power a in the relation
where x s and U s are the sheath edge coordinate and the potential there, assuming that they as well as a and C are the parameters that depend on the ion source temperature.
A. Limit of cold ion-sources
For the cold ion-source with a negligible neutral temperature, T n ! 0, Eqs. (6) and (10) by means of Eqs. (8) and (11) must give the same result and really in both the Maxwellian and the "water-bag" cases for the ion density at T n ! 0, we find
which together with Eq. (13) yields the plasma equation in the form 
is the Dawson function. 30 Singularity of the electric field defined by Eq. (17) 
Explicit solution of Eq. (17) for b ¼ 0 (uniform ionization) and b ¼ 1 (ionization proportional to electron density) is
yielding famous numerical values
obtained for the first time by Harrison and Thompson 25 (being the system lengths, i.e., ionization lengths 20 ) normalized to unity. The numerical values of H&T are for the multiplicative factor ffiffi ffi 2 p less than in all Riemann's works. It is now straightforward to expand into Tailor series xðUÞ in the vicinity of x s ðU s Þ, resulting in
i.e.,
with C b¼0 % 3:15 and C b¼1 % 2:055 and the exact value, i.e.,
characterizing the potential shape near the singularity point in the case of the cold ion-source. We note here that if Riemann's normalization is used, constants C take other values, i.e., C b¼0 % 2:659 and C b¼1 % 1:728, respectively. However, if the system is considered to be equal unity (L ' L i ) as in all numerical calculations, the ionization length is normalized to L, so that relevant constants in the present investigations are
The last values are important for a subsequent comparison with our numerically obtained results.
B. Limit of warm ion-sources
In the case of a high ion source temperature, i.e.,
via employing expansions (7) and (12), we obtain from expressions (6) and (10) for the Maxwellian source case
and for the "water-bag" ion source case
respectively. The plasma (pre-sheath) equation n i ¼ n e can be presented in a general form
where the constants a, b, c are defined for the Maxwellian source as
and for the "water-bag" source in the form
with B 0 as defined from Eq. (2), and U s is the potential at the singularity point of the electric field. Further, we note the properties as follows:
(1) Really the derivative of Eq. (29) with respect to U at the sheath edge equals zero, dx dU
meaning that the electric field has singularity at U ¼ U s .
(2) We assume that x ¼ 0 is an extremum (maximum) point of the potential. Then
(3) Derivative of Eq. (29) with respect of U is also zero. In fact, this derivative acts only on the part of the integrand, which depends on the difference U 0 À U. Therefore, this derivative under the integral can be replaced with the derivative with
Using Eq. (32) after the partial integration from Eq. (34), we find
In Appendix, we show that the point lnðU 0 À UÞ as U 0 ! U does not lead to the divergence of the integral on the left side of Eq. (35). The divergence of the integral can occur at the expense of the singularity of the function d 2 x=dU 2 at some point. As the basic assumption of the present model is that the potential is a monotonic function in the interval 0 x < x s , we may expect that the point x ¼ x s , where U ¼ U s , is the singular point of the function d 2 x=dU 2 , which will be shown below,
Presenting Eq. (14) in the form
the relation (32) appears to be valid only for 1=a > 1, and the relation (36) gives 1=a < 2. So summarizing the conclusions of items (1) and (3), it follows that fulfillment of relations (32) and (36) require power a to be in the interval
(4) The derivative of Eq. (29) with respect to U can also be presented in a different form
where the r.h.s. is obtained after the derivation of the exponential function in the integrand of Eq. (29) .
To simplify the analytic investigations, we further consider the ion-sources with high temperatures, T n ) 1.
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Substituting Eq. (37) into Eq. (40) and introducing the new variable s ¼ jU 0 j=T n , we obtain
We assume that for T n ) 1, the dependence of C on the temperature is smooth (from Fig. 10 , it follows that such an assumption can be justified). According to the results of Ref. Fig. 3 ) and Ref. 20 ( Fig. 8) , the absolute value of the boundary potential U s might be assumed to decreases approximately linearly with the increase of the temperature in the high temperature region. Then the ratio jU s j=T n and therefore the whole r.h.s. of Eq. (41) do not depend of T n . We can conclude that the relation (41) as equality can be fulfilled only for a ¼ 2=3.
(
In general, we want to mention that the assumptions and conclusions made above are confirmed by numerical calculations presented in Sec. III.
C. Region of medium temperature ion-sources
An expansion of modified Bessel function K 0 ðzÞ shows that already for z 0:5, the higher order terms might be considered as rather small since for z ¼ 0:5 the logarithmic term is ln z ' 0:65 and the next term of expansion z 2 =4 ' 0:063 (e.g., Ref. 32). Therefore, one may consider that expression jU À U 0 j=2T n < 0:5 or even a more conservative condition T n > jU s j is a good estimation of the "warmness" of the ion source. It will turn out from our numerical results that this estimation is a crude over-restriction.
III. NUMERICAL METHOD AND NUMERICALLY OBTAINED SHEATH EDGE PROPERTIES
We solve the basic plasma equation of the "generalized" Bissell and Johnson model
where generalization consists in parameter b, which characterizes the ionization mechanism distribution and takes, e.g. We have to find with high reliability the power alpha and constant C in the formula (14) describing the limiting potential variation in front of the sheath edge ðx s ; U s Þ for T n > 0. Before that, it is necessary to decide what algorithm is appropriate for reliable carrying out this task. In order to do so, one has to be systematically familiarized with the properties of the sheath edge for finite T n . In Fig. 3 , we present the potential profiles obtained for b ¼ 1 (solid lines) and b ¼ 0 (dashed lines) in a wide range of ion source temperatures. For any of particular T n , potential profiles start at U ¼ 0 and ends at U s independently of value of b. However, with exception of these end points, the curves differ in all other points, reflecting the well-known property of the T&L solution that the plasma solution is invariant with respect to potential but is not invariant with respect to the spatial coordinate. Second, it is obvious that for very small T n , the said pairs of curves are so close to each other that at Fig. 3 , these pairs are indistinguishable and almost coincide with case T n ¼ 0. The pairs obtained for T n ¼ 0:1 and T n ¼ 1 are clearly distinguishable from said "cluster" of curves near T n ¼ 0. For this reason, we inspect curves for T n 0:1 in a strongly magnified scale as illustrated in Fig. 4 , where the case b ¼ 0 is made invisible for clearance. An important fact to be noted is that the numerically obtained curve for T n ¼ 0:01 is an excellent approximation of the exact analytic curve for T n ¼ 0, so that for practical purposes, they might be substituted each by another.
Our code employs the piecewise Lagrangian interpolation of order 2 or 3 in the areas of mild UðxÞ gradients, so we can perform iterations with high accuracy within wide ion-source temperature ranges, especially in the limit T n ! 0, which is sensitive to instabilities due to the prolonged integration intervals caused by 1=T n singularity [see Eq. (42)] in the kernel. Estimation of a was performed by a non-linear model fitting with a different number of discretization end-points. As expected, the width of approximation near the sheath edge should be sufficiently small to 
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Kos, Tskhakaya, and Jelić Phys. Plasmas 18, 053507 (2011) characterize singularity and sufficiently large to minimize uncertainty. To analyze these properties, both cold and warm ion-source models are matched under the same "numerical" conditions. For zero ion-source temperature T n ¼ 0, exact solution in Eq. (20) is used with a valid U range from 0 to U s ¼ À0:8540326565981972, which gives the system length of Eq. (21) . For a comparison with normalized system length L ¼ 1, inverse function UðzÞ can be numerically solved by finding the root of z À xðUÞ=L 0 ¼ 0. Although Eq. (20) can be evaluated to arbitrary precision, we took approach that is compatible with our code, namely, using higher precision for Eq. (20) and saving a potential profile in the file with compatible precision. To simulate high grading near the sheath edge used in the warm case, the potential curve is positioned at the following discrete positions
where number of points np and grading at endpoints k 1 and k 2 should be similar to those used in warm case T n > 0. Figure 5 shows behavior of our approximation algorithm applied to the "cold" case, for which the "exact" potential profile can be evaluated at arbitrary precision. When using long double machine precision, approximation errors are inevitable. At least a 30 grid point must be used for correct a estimation with a given number of grid points and density. Fig. 5 (a) and inset detail in terms of approximation width w ¼ x s À x. Fig. 5(b) shows the same details in terms of number of approximation points n for selected grading. The grid scale in Fig. 5(b) shows that at least 30 grid points must be used to estimate a ¼ 1=2. This corresponds to the approximation width of w ¼ 0:00003 as shown in the inset graph of Fig. 5(a) . The inset graphs also show that, when ruling out tiny range where uncertainty is high, evaluation close to the theoretical value is possible for a large number of grid points. This is especially true for the grid scale (b) where also extrapolation criterion can be applied. While VDF for the cold ion-source is the Dirac d-function, for the finite ion-source temperatures T n > 0, a variety of VDFs are possible. For the a-approximation, we applied the Maxwellian ion-source, as results were readily available with various grid setups, so we could also test the grid invariance. It turned out that most of the potential profiles near the sheath edge were not accurate enough for a to be reasonably estimated. While all previous parameters (U s ; B) converged within 10 5 iterations, the sheath edge detail, from which a is approximated, needs an order of magnitude additional iterations. Fig. 6 shows such a convergence for T n ¼ 1, which took more than three months of computation time on 16 processors compute node and was stopped when convergence to 2=3 was observed and sufficiently precise results for a were obtained. The calculation of the potential profiles for the whole temperature range and different grids took more than 700 000 processor hours. Fig. 7 shows a similar decreasing function as for the "cold" case in Fig. 5 . In contrast with the cold case, we observed here a higher gradient and systematic 
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The dashed-dotted line in Fig. 6 shows that the number of approximation points decreases and approaches that of the cold case. The minimal approximation width is thus dependent on the "quality" of the potential profile. We took advantage of the convex function near the sheath edge and resolved with the simple criterion a ¼ a max , which selects the deflection point. When ruling out the "minimal" width, any other estimation criterion can be used to determine the sheath edge singularity in the limit. As seen from the inset graphs, the approximation width is still quite large. Fig. 8 shows the increase of the grid density at a viewing width w ¼ 0:0001 with more that 50 discretization points in the selected range. Origin (0,0) in Fig. 8 is the sheath edge ðx s ; U s ). Two distinct models are presented: the analytic solution for "cold" T n ¼ 0 T&L model and finite ion-source temperature model with T n ¼ 10. We can safely assume (because we know the analytic solution) that alpha is exactly 1=2 for T n ¼ 0. The analytic potential profile is discretized to correspond to the discretization used in our program code for finite ion-source temperatures. 6, 33 High resolution grading near the sheath edge is required for precise treatment in the area of interest.
We can conclude that in the limit the power law holds and that problems with the appropriate width when approaching w ! 0 are related to numerical uncertainty. Thus, we can find safely the power alpha with proposed approximation and perform even better if taking into account aðwÞ variation.
IV. NUMERICAL RESULTS
Dependence of a max on T n is shown in Fig. 9 in logarithmic scale. We used different grids to prove invariance of a on the grid setup. For T n ! 0:05, the approximation came within a couple of percent to the theoretical value of a ¼ 2=3. Entirely new result is represented by the transition region observed approximately for T n 0:05 Ä 0:1, where we observed a sharp drop of a to another theoretical limit a 0 ¼ 1=2. It should be noted that a potential profile for T n ¼ 0 is simulated from the analytic T&L solution and not obtained from our code, and the results agree well with our results obtained for very small temperatures. This observation, which is well demonstrated in Fig. 4 , additionally supports the reliance of our numerical results. However, the precision of potential profiles in this region of temperatures 
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Kos, Tskhakaya, and Jelić Phys. Plasmas 18, 053507 (2011) still could be improved via forcing additional iterations that will even better stabilize a. Precise description of behavior in the region of medium temperatures 0 < T n 0:1 also requires a number of additional points, which is a very expensive task that we postpone to be performed in future if deemed necessary for particular purposes, but at the moment, the results presented here meet our needs. For the present purpose, an estimation of linear dependence on a in the region of medium temperatures 0 < T n 0:0555 in the form a ¼ 3T n þ 1 2 ; T n < 0:0555:::
T n > 0:0555:::
as illustrated in Fig. 9 seems to be nice and might be useful even for quantitative purposes. Fig. 10 shows the dependence on parameter C T n on the ion source temperature. The reliability of this result is confirmed by comparing the results obtained from our fitting procedure for very small T n with theoretical values obtained for T n ¼ 0. These results are the only ones that are reliably known so that the validity of results for C T n for increasing temperature cannot be checked by an independent method. Thus two very intriguing questions might arise regarding the shape of C T n ðT n Þ curves, namely, what is the physical reason why (1) these curves are not monotonic and (2) why the maxima of these curves and the knees of aðT n Þ curves are found for approximately the same T n (0:05 Ä 0:1)? We must admit that we did not find a satisfactory answer to this question. The only physical difference between strictly cold and approximately cold ion sources is that in the first case, the final ion "temperature" originates from the energy spread due to ion acceleration caused by plasma local potential drop, while in the second case, random motion plays an important role and might dominate over the directional motion. The dependence of final ion temperature T i on the ion source (neutrals) temperature T n is illustrated in Fig. 11 . Such a dependence in a wider range of temperatures T n can be found in the work by Kos et al., 6 where it is clearly seen that with a decreased ion source temperature profiles, T i ðUÞ monotonically decrease as one approaches from the center towards the plasma boundary. Non-monotonic behavior appears for very low but finite ion temperatures. Any physical explanation of the transition region in-between should be related to the qualitative behavior of ion population being not direct but just an indirect consequence of the ion-source temperature. Second, the potential profile, especially near the plasma sheath boundary, depends on both ion stochastic and directional motion, since these motions are directly connected to the ion density distribution and so to the potential profile. So the question is what is a characteristic difference between "cold" and "warm" ion motion near the sheath edge. Fig. 11 shows that with very small neutral temperatures, the ion temperature near the sheath edge does not necessary increase with increased neutral temperature. This results from the competition between the directional and random motions. The contribution of the neutral random motion to the total ion temperature is always dominant in the center of the plasma, while near the sheath edge, it is more complex because a slight increase of the random contribution is followed by a decrease of the sheath potential drop. Consequently, with a slight increase of the random ion, the motion ions acquire less energy at the sheath entrance than in the cold neutral case. So, quite surprisingly, the sum of random and directional energy near the sheath 
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Potential profile near singularity point in kinetic Tonks-Langmuir discharges Phys. Plasmas 18, 053507 (2011) edge might be lower than in the cold ion-source case. This behavior is clearly illustrated in our Fig. 11 : while for increased ion-source temperature, the total ion temperature increases at any point (e.g., curves T n ¼ 0:66, T n ¼ 0:50, and T n ¼ 0:33 are one above other, respectively), without any touching or intersecting each other, in cases T n ¼ 0:33, T n ¼ 0:025 there is an "inverse" behavior in the vicinity of the sheath edge and these curves intersect T n ¼ 0 curve and each other. A possible separatrix of the described two behaviors might be estimated as the "critical" ion source temperature, but we will not perform this task even if this possible separatrix falls in the T n ¼ 0:05 Ä 0:1 region, because we are aware that this will not prove anything. Anyway, we draw attention to the "temperature inversion" effect as the only one that we found to be strongly related to the ion-source temperature increase from singular to regular ion-source cases.
V. DISCUSSION AND CONCLUSION
The problem of value in the power law for determining the potential profile near the plasma singularity point is solved for particular Maxwellian and water-bag velocity distributions via both the appropriate analytic approximation method and numerical calculations. The results show that with "cold" ion sources in both particular cases of velocity distribution functions, the dependence xðUÞ is parabolic (power 1=a ¼ 2), while in the case of "warm" ion sources, it is fractional (power 1=a ¼ 3=2). Moreover, this holds independently on the uniformity of the ion source strength. There is a very narrow region between these two limiting cases which we are unable to describe with the analytic method and where the power law can be derived only via the numerical method. Finding a reliable empirical formula in the intermediate region (between high and vanishing ion source temperatures) is a task postponed for the future. For the present purposes, we recommend adopting a linear dependence a n for 0 < T n < 0:1T e . Our analytic and numerical procedure for the first time estimates the previously unknown width of the "gap" between high and small ion source temperatures where none of fractional power is appropriate for approximating the potential profile. Second, in contrast with the previous assumption that the power law a ¼ 2=3 holds for temperatures satisfying, e.g., T n > U s (where U s ðT n Þ is the value of the potential at the singularity point x s ), it turns out that this power law holds with high reliability in a much wider range of ion source temperatures, i.e., even for T n > 0:05 Ä 0:1.
The old results from 1991 (Ref. 1) according to Riemann may be considered as "more than being just an estimation, but less than being proved." 34 That means that a calculation of the power law for at least one particular ion source velocity distribution has so far remained an opened task to be solved. Our investigation is an explicit calculation via using particular ion source velocity distribution functions, i.e., Maxwellian and water-bag. So his general results may be considered now as finally explicitly confirmed and furthermore extended as valid to a much wider range of validity than supposed up till now.
We propose a crude empirical formula a ¼ 3T n þ 1=2 describing the dependence a on T n in the "gap" between the two solutions obtained analytically and numerically for the rational powers of a potential profile. Due to a very narrow range of validity of this non-rational power dependence, it turns out that estimating the validity of the power law for experimental plasmas should be a rather demanding task, since it is difficult to know the ion source temperature with high reliability. The neutral ion source temperature is for sure not equal to the room temperature but it should be higher due to many binary processes, e.g., charge exchange. It seems to be much "safer" to predict the potential profile in really "warm," i.e., fusion-like plasmas, than in "ordinary" laboratory plasmas, where the ion-source temperature is low but never zero and never equal to the room temperature. As is the case, it turns out that the concept of high, medium, and low ion temperature should be carefully used in future theoretical and engineering investigations before definitely applying any power law to the boundary of a particular plasma, but the present investigation provides a good basis for a relevant decision on proper a. Finally, we conclude that the present investigation is a new basis for any possible future investigations on scaling laws in the intermediate plasma sheath region. 
In the interval of integration, we pick out the point U 0 ¼ U, 
In Eq. (A5), we have used the fact that the function x ¼ xðUÞ is monotonic in interval U s < U 0. From Eq. (A5), we find
2 DU ln bT n À DUðln DU À 1Þ f g < 1: (A6)
Hence, really the point U 0 ¼ U does not lead to the divergence of the integral in Eq. (35).
